A linear stability analysis has been presented for hydromagnetic dissipative Couette flow, a viscous electrically conducting fluid between rotating concentric cylinders in the presence of a uniform axial magnetic field and constant heat flux at the outer cylinder. The narrow-gap equations with respect to axisymmetric disturbances are derived and solved by a direct numerical procedure. Both types of boundary conditions, conducting and non-conducting walls are considered. A parametric study covering on the basis of µ, the ratio of the angular velocity of the outer cylinder to that of inner cylinder, Q, the Hartmann number which represents the strength of the axial magnetic field, and N, the ratio of the Rayleigh number and Taylor number representing the supply of heat to the outer cylinder at constant rate is presented. The three cases of µ < 0 (counter rotating), µ > 0 (co-rotating) and µ = 0 (stationary outer cylinder) are considered wherein the magnetic Prandtl number is assumed to be small. Results show that the stability characteristics depend mainly on the conductivity on the cylinders and not on the heat supplied to the outer cylinder. As a departure from earlier results corresponding to isothermal as well as hydromagnetic flow, it is found that the critical wave number is strictly a monotonic * Department of Mathematics, Gauhati University, Guwahati-781 014, India 359 360 R.K. Deka decreasing function of Q for conducting walls. Also, the presence of constant heat flux leads to a fall in the critical wave number for counter rotating cylinders, which states that for large values of -µ, there occur transition from axisymmetric to non-axisymmetric disturbance whether the flow is hydrodynamic or hydromagnetic and this transition from axisymmetric to non-axisymmetric disturbance occur earlier as the strength of the magnetic field increases.
Introduction
Taylor-Couette flow is one of the most important examples of fluid systems that exhibit the spontaneous formation of increasingly complex dynamic flow structures. The Couette apparatus was developed by Couette [1] as a means for measuring the viscosity of a fluid at small-imposed angular velocities of the cylinders. This occurs through a sequence of transitions, which takes place as the drive is increased. At small angular velocities of the inner cylinder (Ω 1 ) the flow driven around, it is purely azimuthal (circular Couette flow, or CCF). Taylor [2] found that when the angular velocity of the inner cylinder exceeds some critical value, then the circular Couette flow becomes unstable to axisymmetric perturbations. The radial and axial velocity components grow exponentially in time and then saturate nonlinearly to a flow pattern, which consists of axisymmetric vortices stacked on top of one another in the axial direction, with radial inflows and outflows. This is what we now know as Taylor vortex flow (TVF). If the rotation rate of the inner cylinder is further increased TVF becomes unstable to non-axisymmetric perturbations, and azimuthal waves are formed which rotate around the inner cylinder at some wave speed (wavy modes). A further increase in the rotation rate of the inner cylinder leads to an even wider variety of flows, each with clearly defined stability boundaries, due to the exact way in which more and more spatial and temporal symmetries are broken, Taylor-Couette flow is an ideal setting in which to study instabilities and nonlinear behavior in a fluid system. This article is concerned with that of hydromagnetic Couette flow; in this case the fluid contained within the narrow-gap of coaxial cylinders is electrically conducting (such as liquid sodium, gallium or mercury) and an external magnetic field is applied keeping the cylinders at different temperatures with constant heat flux at the outer cylinder. This problem is also interesting because of its important applications for the gaseous core nuclear reactors and power-generating devices. Using the infinite cylinders approximation, Chandrasekhar [3] calculated the linear stability of both hydrodynamic and hydromagnetic Couette flow, not only for the simple case of the inner cylinder rotating, but also for co-and counter rotating cylinders. Experimentally, Donnelly & Ozima [4] and Donnelly & Caldwell [5] confirmed the results of Chandrasekhar using mercury contained between Perspex and stainless steel cylinders, although not much differences were found between the different boundary conditions (insulating and conducting) in the two cases. The boundary conditions in the hydromagnetic case are not trivial, and were described with clarity by Roberts [6] , who also performed calculations on the stability of non-axisymmetric perturbations. Tabelling [7] , using a method similar to Davey's [8] amplitude expansion, calculated the effective viscosity of axisymmetric flow in the TVF regime and compared with Donnelly's [4] experiments which indicate that the onset of wavy vortices is significantly inhibited by the magnetic field. Nagata [9] has more recently investigated nonlinear solutions in the planar geometry, and Hollerbach [10] shows Taylor's cells in spherical geometry. Willis & Barenghi [11] developed a numerical formulation based on spectral methods suitable to study three-dimensional nonlinear hydrodynamic Taylor-Couette flow and compared with experiment. When only the inner cylinder is rotated it was found that the critical value for the onset of non-axisymmetric motion was just above the critical value in the hydrodynamic case. Takhar et al. [12] further showed the amplitude of the radial velocity and the cell-pattern on graphs for axisymmetric disturbances and for both conducting and non-conducting walls with several different values of µ and Q. Chen & Chang [13] studies the hydromagnetic Couette flow for small-gap equations with respect to non-axisymmetric disturbances and presented an analysis for the stationary as well as oscillatory critical mode. Recently, Willis & Barenghi [14] investigated magnetic Taylor-Couette flow in the non-linear regime. In the presence of an axial magnetic field the Lorentz force was found to have a significant damping effect at larger length scales as a consequence of the small magnetic Parndtl number limit. The significant enhanced stability was observed at only small-imposed field strengths.
The linear stability analysis of CCF in a weak magnetic field at various radius ratios has been studied by Soundalgekar et al. [15] and the combined effect of radial temperature gradient and constant heat flux at the outer cylinder has been studied by Ali et al. [16] for hydrodynamic case with narrow gap geometry, which motivates to undertake the present study for the effect of radial temperature gradient and constant heat flux at the outer cylinder for hydromagnetic case. The plan of this article is the following. In §2 we present the governing MHD equations coupled with the energy equation and the boundary conditions, and introduce the small Prandtl number limit, which is relevant to liquid metals available in the laboratory. In §3, we present results and discussion in the small Prandtl number limit with the consideration of the effect of constant heat flux at the outer cylinder and in §4 the summary is spelt out. A systematic study which covers −1.0 µ 1.0 is presented for low as well as high values of the Hartmann number Q for N ¿ 0. Here N, being the parameter characterizing the supply of heat flux at the outer cylinder. Results for three typical cases are reported. These belong to the flow between (i) a rotating inner wall with a stationary outer wall, (ii) counter-rotating walls, and (iii) co-rotating walls.
Problem formulation and method of solution
Let r, θ and z denote the usual cylindrical polar coordinates, and let u r , u θ , u z and H r , H θ and H z denote the components of velocity and magnetic field intensity, respectively. We consider two infinitely long concentric circular cylinders with the z-axis as their common axis and let the radii and angular velocities of the inner and outer cylinders are R 1 , R 2 and Ω 1 , Ω 2 , respectively. The equations of motion and energy equation for an incompressible, viscous electrical conducting fluid in the presence of a uniform magnetic field in the axial direction and constant heat flux at the outer cylinder admit of a steady solution,
where
Clearly the solutions given in (1) are consistent with the following boundary conditions for velocity and temperature
In deriving the temperature distribution in (1) from the energy equation, viscous dissipation and energy associated with change in pressure are neglected. Here q is the uniform surface heat flux; K the thermal conductivity of the fluid and T 1 is the temperature of the inner cylinder.
To study the stability of this flow we superimpose a general disturbance on the basic solution, substitute it in the governing equations and neglect quadratic terms in the usual way. Since the coefficients in the resultant disturbance equations depend only on r, it is possible to look for solutions of the form
where v(r) is the azimuthal component of the small disturbance velocity, and with similar expressions for the other components of velocity, pressure, temperature and the components of magnetic field intensity. It is assumed that the axial wave length λ be real. The parameter σ is the complex growth rate. In view of the physical similarity of this problem with Taylor's stability problem of Couette flow; it is likely that in the present problem also the onset of stability will be as a steady secondary flow. Thus when the marginal state is stationary we may put σ = 0 in (4) . In the present analysis we will be concerned with the narrow-gap case in which the gap d = R 2 − R 1 is small compared to R 1 so that terms of O(d/R 1 ) can be neglected. The derivation of the narrow-gap equations in our study are the same as those derived by Takhar et al. [17] except that now we must consider the constant heat flux at the outer cylinder. The scaling for u and θ are ν/2Ad
) used to non-dimensionalize. We introduce further the following non-dimensional variables for radial variable and wave length as:
Now we define the Taylor number, Prandtl number, magnetic Prandtl number, and Hartmann number Q as:
where µ e , e, C p , ρ, ν are the magnetic permeability, electric resistivity, specific heat of the fluid, density and kinematic viscosity, respectively. Here, α appears from the Boussinesque approximation as the coefficient of cubical expansion. After combining the governing equations of perturbations, we obtain the following system of ordinary differential equations:
and g represents the azimuthal component of the small disturbance magnetic field.
Here, N is the ratio of a Rayleigh number,
and the Taylor number based on the centrifugal acceleration R LM Ω 2 1 with R LM = R 1 /η and β = q/K being the adverse temperature gradient which is maintained
It is known that the onset of Taylor vortices in the hydromagnetic case depends strongly on the conductivity of the containers and also on the magnetic Prandtl number. It has been found that if the magnetic Prandtl number is of order 1, then the presence of the magnetic field is strongly destabilizing and the Hartmann number Q does not have to be very large for there to be an effect. For example, Q ∼ O (10) is enough to cause significant destabilization. For the sake of comparison it is worth noting that Q ∼ O( 10 3 ) was achieved in the experiments of Donnelly & Ozima [4] . However, if the magnetic Prandtl number is reduced and approaches realistic values for laboratory liquid metals, this destabilization disappears, and the application of a magnetic field is strongly stabilizing. Following these terrestrial conditions, we let the magnetic Prandtl number to be small, since laboratory liquid metals generally have very small Prandtl numbers, for example, for liquid sodium P m ∼ O (10 −5 ) and for mercury
). The derivation of the boundary conditions for the magnetic field is somewhat more involved, due to the fact that they depend on the conductivity of the cylinders. For the sake of mathematical convenience it is often assumed in the literature that the cylinders are either perfectly insulating (so the conductivity is exactly zero) or perfectly conducting (so the conductivity tends to infinity). We refer the reader to Willis & Barenghi [18] and Roberts [6] who determined boundary conditions for cylinders of arbitrary conductivity, and do not repeat here again. Accordingly, the appropriate boundary conditions at x = 0 and x = 1 for non-conducting walls are
and for conducting walls are
The homogenous set of equations (7)- (9) with the boundary conditions (10) or (11) determine an eigenvalue problem of the form
For given values of µ, Q, N , which determine the basic state velocity, temperature and magnetic field strength, we seek the minimum real positive T for which there is a non-trivial solution for (12) . The value of T sought is the critical Taylor number T c for assigned values of µ, Q, and N. The value of a corresponding to T c which determine the form of the critical disturbance is called critical wave number. We solve the two point eigenvalue problem defined by (7)-(9) using (10) or (11) by a shooting technique together with a unit disturbance method. Indeed, there are many analytical methods, which can be used in the stability analysis, for example, the work done by Weinstein [19, 20] for wavy vortices in the flow between two long concentric rotating cylinders. The method used in the present study has also been widely used by several workers for similar hydrodynamic stability problems, for example Chen & Chang [13] , Chen & Chang [21] and Deka & Takhar [22] . For details, the reader is referred to Harris & Reid [23] . In order to obtain a faster convergence of the iteration, we use the modified algorithm developed by Chen & Chang [21] for this eigenvalue problem.
Results and discussion
Takhar et al. [17] studied the instability of hydromagnetic dissipative Couette flow with respect to axisymmetric disturbances in the presence of radial temperature gradient and axial magnetic field for narrow gap, which is a special case of present study with constant heat flux at the outer cylinder. So, we conduct calculations and check the results in terms of a c and T c for both conducting and non-conducting walls with the corresponding data obtained by Takhar et al. [17] and presented in Table 1 . The comparison is in good agreement.
We note that our stability analysis combines in one problem the simultaneous effects of radial temperature gradient due to a constant heat flux at the outer cylinder, axial magnetic field, and rotation velocities ratio. The study includes, as special cases, the stabilizing influence of only one or two factors, previously examined by different authors. Setting Q = 0 and N = 0, the governing equations reduce to those derived first by Taylor [2] under the narrow-gap approximations and then by Chandrasekhar [24] . When Q = 0 but N = 0, we recover the stability equations of radial temperature gradient obtained by Soundalgekar et al. [25] . Finally, when N = 0 but Q = 0, we come to the problem considered by Chandrasekhar [26] for an electrically conducting Couette flow with an axial magnetic field under narrow-gap assumptions.
We have calculated the critical values of a, T for various value of Q, N, and rotation ratio µ. In this study the range of N is taken from 0 to 1, rotation ratio from -1. to 1.0, Q from 10 to 300. The computed values with these parametric values are listed in Tables 1 -7 for conducting as well as non-conducting walls. It is observed that owing to the supply of heat to the outer cylinder at constant rate, the critical value of the Taylor number decreases indicating less stable flow, for example, in the absence of axial magnetic field (Q = 0) the value of T c for N = 0 is 18666 when µ = −1.0 and the corresponding value of T c for N = 1.0 is 9508. From these tables, further we observe that the critical Taylor number T c decreases with N but increases with the strength of the magnetic field parameter Q. This indicates, the presence of a magnetic field for a viscous conducting fluid has a stabilizing effect. And for the same Q, the T c for conducting walls is always higher than non-conducting walls, which means, the flow remains more stable between conducting walls. On the contrary, the imposition of constant heat flux at the outer cylinder is not inspiring for the stability of the flow.
The variation of T c versus varying µ for assigned values of N are shown in figure 1 in the absence of axial magnetic field (Q = 0) and demonstrating the decreasing trend of critical Taylor number as the parameter N increases from 0 to 1, indicating unstable flow, where N = 0 corresponds to isothermal case. The corresponding variation of T c versus N for both conducting and non-conducting walls are presented in figures 2 and 3, for µ = −0.25, 0, 0.25 and Q = 10 & 50 and it is observed that T c is generally a monotonic decreasing function of N but increasing function of Q for all µ considered. This implies that the flow is no longer stable by the imposition of constant heat flux at the outer cylinder but stable due to the conductivity of the walls. The effect of radial temperature gradient together with the application of axial magnetic field to the electrically conducting fluid on the stability of Taylor-Couette flow has been studied by Takhar et al. [15] for narrow gap, predicting stabilizing effect due to negative temperature gradient. On the other hand, the effect of constant heat flux at the inner cylinder for narrow and wide gap has been studied by Takhar et al. [27, 28] and showed that constant heat flux at the inner cylinder too stabilizes the flow. Thus our result reflects that in the presence of constant heat flux at the outer cylinder, the stability of flow is delayed in comparison to the both isothermal and non-isothermal case as well as the application of constant heat flux at the inner cylinder. The variation of T c versus µ are shown in figures 4 and 5, where the parameter µ is varied from -1.0 to 1.0 considering the moderate values of Q = 0, 50, 100 for both conducting as well as non-conducting walls. We observe from these figures that for counter rotating cylinders the flow is more stable in comparison to the co-rotating and stationary outer cylinder. Further, these figures show that the critical values of T c increase as Q increases from 0 to a higher value. This means that the applied magnetic field always has a stabilizing effect on this flow. The variation of T c with Q are presented in figures 6 and 7 for rotation ratios 0.5 and 1, since for µ = 0.5 and 1, the disturbance is reported to be axisymmetric ( Chen & Chang [19] ). It is confirmed again that when N = 0, the critical values of Taylor number are lower than the values corresponding to N = 0 (isothermal case), for both conducting as well as non-conducting walls. Strikingly, we observe from figures 4 and 5 that, when µ < −0.9, N = 1, Q = 50, the values of critical Taylor number attains a lower value. For hydrodynamic case, Krueger et al. [29] predicted for narrow-gap gap that when µ −0.78 the flow becomes non-axisymmetric when the cylinders are isothermal. There is growing evidence, both theoretical and experimental that when µ < −0.78 (in the narrow gap approximation) instability sets in at a smaller value of the Taylor number with respect to non-axisymmetric disturbances (cf. Ref [30] ). Thus, in agreement to their finding, in the presence of constant heat flux at the outer cylinder, we have found that the stability sets at a smaller value of T c for large −µ. Also the fall in the values of T c occurs earlier for large values of Q, viz; Q = 100 as shown in the graphs. It has been observed from these two figures that the values of a c corresponding to isothermal case, decreases with rotation ratio but increases monotonically for conducting walls and decreases for non-conducting walls in agreement with Chen & Chang [13] , but in the presence of constant heat flux at the outer cylinder the trend reverses. For conducting fluid and isothermal case Chen & Chen [13] found a c to be a monotonic decreasing function of Q when the walls are nonconducting, while for conducting walls, at first a c increases monotonically with Q and then decreases. For N = 1, i.e. in the presence of constant heat flux at the outer cylinder, it is found that the critical values of wave number decreases monotonically as Q for both conducting as well as nonconducting walls. In other words, elongated Taylor cells will be observed for all Q in both the cases. However, when µ −0.9, the values of a c takes a decreasing trend for Q = 0 in the presence of constant heat flux at the outer cylinder when N = 1. Thus the critical values of the wave number increase from a smaller value and reaches maximum near µ = −0.9 and then decrease as µ decreases. This is due to the fact that for µ −0.9, the flow turns to become non-axisymmetric when N = 0. This transition occurs earlier as Q increases. In the cases for which non-axisymmetric disturbances occur, the critical value of a is less than the critical value of a
R.K. Deka
for an axisymmetric disturbance (see ref. [29] ) and the critical wavelength 2π/λ = 2πd/a, for non-axisymmetric disturbance will be slightly greater than the value for an axisymmetric disturbance at that value of µ. Thus, in conclusion, we can state that in the presence of constant heat flux and for large values of −µ, the axisymmetric problem is irrelevant physically and one must consider the full three dimensional problem whether of the flow is hydrodynamic or hydromagnetic.
Conclusions
It is quite evident from our study that the vital contributions to the fluid stability comes from the magnetic field (Q = 0) rather than from applying constant heat flux at the outer cylinder as because the flow becomes strongly unstable when N = 0 and this is reflected for the cases of counterrotating, co-rotating and stationary outer cylinder. The critical wave numbers are clearly a monotonic decreasing function of N as well as Q for both conducting as well as non-conducting walls. Also, in the presence of constant heat flux and for large values of −µ, the axisymmetric problem is irrelevant physically and one must consider the full three-dimensional problem whether the flow is hydrodynamic or hydromagnetic and for N = 0, the transition from axisymmetric to non-axisymmetric disturbance occur earlier as the strength of the magnetic field increases. 
